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Abstract
Let G be a Hausdorff topological group. It is shown that there is a class C of subspaces of G,
containing all (but not only) precompact subsets of G, for which the following result holds:
Suppose that for every real-valued discontinuous function on G there is a set A ∈ C such that the
restriction mapping f|A has no continuous extension to G; then the following are equivalent:
(i) the left and right uniform structures of G are equivalent,
(ii) every left uniformly continuous bounded real-valued function on G is right uniformly continu-
ous,
(iii) for every countable set A ⊂ G and every neighborhood V of the unit e of G, there is a neigh-
borhood U of e in G such that AU ⊂ VA.
As a consequence, it is proved that items (i), (ii) and (iii) are equivalent for every inframetrizable
group. These results generalize earlier ones established by Itzkowitz, Rothman, Strassberg and Wu,
by Milnes and by Pestov for locally compact groups, by Protasov for almost metrizable groups, and
by Troallic for groups that are quasi-k-spaces.
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1. Introduction
Every topological group G admits two natural uniform structures LG and RG, called
respectively the left uniformity and the right uniformity of G. A basis ofLG is given by sets
of the form {(x, y) ∈ G×G: x−1y ∈ V }, where V ranges over the set of all neighborhoods
of the unit e of G. Similarly, a basis of the uniformityRG is obtained by writing xy−1 ∈ V
in place of x−1y ∈ V . These two uniform structures induce the initially given topology on
G, but in general LG and RG may be different. The group G is said to be balanced, or a
SIN group, if LG =RG. Equivalently, G is SIN if its unit has a basis of neighborhoods
which are invariant under the action of all inner automorphisms of G. The class of SIN
groups contains all compact groups and (trivially) all Abelian groups. There are however
various examples of metrizable separable and locally compact groups which are not SIN
[22].
The group G is said to be functionally balanced, or an FSIN group, if any left uni-
formly continuous bounded real-valued function on G is right uniformly continuous. Here,
a function f :G → R is said to be left (respectively, right) uniformly continuous if f is
uniformly continuous with respect to the uniformity LG (respectively, RG) of G and the
usual uniformity of the real line R. In this paper, we are interested in the problem first
considered for locally compact groups by Itzkowitz [11], whether FSIN groups are SIN
or not. SIN groups are of course FSIN, but, until now, there is no known example of an
FSIN group which is not SIN. It was proved by Protasov and Saryev [21], that a group G
is FSIN if, and only if, for any A ⊂ G and for each neighborhood V of e in G, there exists
a neighborhood U of e in G such AU ⊂ VA. Let us say that G is countably functionally
balanced, or simply ℵ0-FSIN, if this property is satisfied by at least all countable subsets
A of G.
Itzkowitz’s problem has been positively solved for locally compact groups and for many
other important classes of topological groups. The locally compact case was independently
established by Milnes [17] and by Itzkowitz et al. [13]. Answering a question of Itzkowitz
[12], Pestov [18] and, independently, Itzkowitz et al. [13] established that a locally compact
group G is SIN if and only if the following ‘countable test’ is satisfied: for each sequence
(gn)n∈N ⊂ G and each neighborhood V of e, the set ⋂n∈N g−1n Vgn is a neighborhood of
e in G. This result was extended by Protasov [20] in the present terminology as follows:
every almost metrizable ℵ0-FSIN group is SIN. Note that every group satisfying to Pestov’s
‘countable test’ is ℵ0-FSIN. It is also well known that the class of almost metrizable groups
contains all metrizable groups and all ˇCech-complete groups. Other important results in
this direction were obtained in [7,8,19,28]. In particular, Troallic [28] extended Pestov’s
countable test to all groups that are quasi-k-spaces, proving also that every FSIN group
that is a quasi-k-space is SIN. Recall that a space X is called a quasi-k-space (in Nagata’s
sense), if a set A ⊂ X is closed in X provided that for every countably compact subspace
K of X, the set A ∩K is closed in K .
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bounded subsets, in the sense that to each discontinuous function f :X → R corresponds
a bounded set A ⊂ X such that the function f|A has no continuous extension to X. The
following substantial generalization of the results mentioned above is proved in Section 3
(Corollary 3.5): The equality ℵ0-FSIN = SIN holds for every group G that is a bf -space.
In fact, we introduce a class OM+(G) of subsets G, including all (but not only) pre-
compact subsets of G, and show that the equality ℵ0-FSIN = SIN holds for every group
G that is functionally generated by OM+(G) (Theorem 3.1). The precise definition of
OM+(G) and some other consequences of Theorem 3.1 are given in Section 3. In Section
4, as an application of Theorem 3.1, we give a positive answer to Itzkowitz’s problem for
inframetrizable groups. Section 2 is devoted to a few preliminary results and tools, needed
to establish the main results.
2. Definitions and auxiliary results
In this section we shall precise the topological setting of our purpose. A few lemmas
to be used in Section 3 are also established. Recall that a subset A of a topological space
X is said to be bounded, or relatively pseudocompact, in X provided that any continuous
function f :X → R is bounded on A. We say that a subspace Y of X is punctually rela-
tively pseudo-compact in X at the point y ∈ Y if y has a (decreasing) sequence (Vn)n∈N
of neighborhoods in X, such that for every continuous function f :X → R there is n ∈ N
such that f is bounded on Vn ∩ A. The next lemma gives an equivalent way to formulate
this property. Recall that an accumulation point of a family (Ai)i∈I of subsets of a space
X is a point x ∈ X such that (Ai)i∈I is not locally finite at x.
Lemma 2.1. Let X be a topological space and Y ⊂ X. Let y ∈ Y and let (Vn)n∈N be
a decreasing sequence of neighborhoods of y in X. Then the following are equivalent:
(1) for every continuous function f :X → R, there is n ∈ N such that f is bounded on
Vn ∩ Y ;
(2) for every sequence (an)n∈N ⊂ X such that an ∈ Vn ∩ Y (n ∈ N), the set {an: n ∈ N} is
bounded in X;
(3) every sequence (Un)n∈N of cozero sets in X, such that Un ∩ Vn ∩ Y = ∅ for every
n ∈ N, accumulates to some point in X.
Proof. That (1) implies (2) is obvious (the sequence (Vn)n∈N being decreasing). To show
that (2) implies (3), let (Un)n∈N be a sequence as in (3) and, for each n ∈ N, choose a
continuous function fn :X → R such that fn|X\Un = 0 and fn(an) = n at some point an ∈
Un ∩ Vn ∩ Y . If the sequence (Un)n∈N has no accumulation point in X, then the function∑
n∈N fn should be well defined, continuous and unbounded on {an: n ∈ N}.
To show that (3) implies (1), suppose that (1) is false. Then there is a continu-
ous function f :X → R which is unbounded on every Vn ∩ Y . For each n ∈ N, define
Un = {x ∈ X: |f (x)| > n}. Then, the sequence (Un)n∈N satisfies all conditions in (3), but
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for each n ∈ N, which is impossible. 
Observe that in the case when the space X is completely regular, the ‘cozero set’ re-
striction in item (3) of Lemma 2.1 can be dropped, assuming only that the Un’s are open
in X.
Obviously, every bounded subset of X is punctually relatively pseudo-compact in X.
When Y = X, in view of item (3) in Lemma 2.1, our concept of pointwise (relative)
pseudocompactness corresponds to the one recently introduced by Arhangel’skiıˇ [2]. If
Y is punctually relatively pseudo-compact in X at each of its points, we say that Y is punc-
tually relatively pseudo-compact in X. We should also note, in view of (2) in Lemma 2.1,
that a space X is punctually relatively pseudo-compact in itself if, and only if, X is a
wq-space in Valov’s sense [30].
A subspace Y of X is said to be relatively o-Malykhin in X if the following property








there exists a (necessarily infinite) set J ⊂ I such that the set {j ∈ J : Oj ∩V = ∅} is finite
for every neighborhood V of y in X. Here the bar denotes the closure in X. The space
X will be called o-Malykhin if X is relatively o-Malykhin in itself. To explain our termi-
nology, let us recall, following [1], that X is said to be a Malykhin space if the property
described above holds for Y = X and when each of the sets Oi is allowed to be a Gδ set
in X. In particular, every Malykhin space is an o-Malykhin space.
There are two standard ways for a given space X to be functionally determined by a col-
lectionM of its subsets. The space X is said to be functionally generated byM if there is
for each real-valued discontinuous function f :X → R a set A ∈M such that the function
f|A :A → R has no continuous extension to X. The space X is said to be strongly func-
tionally generated byM if there is for each real-valued discontinuous function f :X → R
a set A ∈M such that the function f|A :A → R is not continuous. Clearly, if X is strongly
functionally generated by M, then it is functionally generated by M. The converse is in
general not true [3]. However, the following simple consequence of Kateˇtov’s extension
theorem turns out to be useful.
Lemma 2.2. Let X and Y be two uniform spaces and f :X → Y a mapping. Suppose
that X is functionally generated by M and that for each A ∈M, the restriction mapping
f|A :A → Y of f to the uniform subspace A of X is uniformly continuous. Then f :X → Y
is continuous.
Proof. It suffices to show that for every bounded uniformly continuous function φ :Y →
R, the function φ ◦ f :X → R is continuous. Let A ∈M. The function φ ◦ f|A :A →
R being bounded and uniformly continuous, it follows from Kateˇtov’s theorem [14,15]
that φ ◦ f|A has a continuous extension to X. Since X is functionally generated by M,
φ ◦ f :X → R is a continuous map. 
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A metric variant of this lemma, due to Efremovicˇ [5], figures (with a different proof) in
Isbell’s book [10].
Lemma 2.3. Let (X,U) be a uniform space and let V be a symmetric member of U . For
every sequence (xn, yn)n∈N ⊂ X×X such that (xn, yn) /∈ V 3, there is an infinite set I ⊂ N
such that (xn, ym) /∈ V for any n,m ∈ I .
Proof. Take a subset M of N to be maximal with respect to the property that (xn, ym) /∈ V
for every n,m ∈ M . If M is infinite, let I = M . Suppose that M is finite. For each j ∈ M ,
define Aj = {n ∈ N: (xn, yj ) ∈ V }, Bj = {n ∈ N: (yn, xj ) ∈ V }, Cj = Aj ∪ Bj and C =⋃
j∈M Cj . The nature of M implies that N = M ∪ C. Thus, there exists j ∈ M such that
Cj is infinite; it follows that Aj or Bj is infinite. We assume that Aj is infinite and put
I = Aj . Let n,m ∈ I . We have (xn, yj ) ∈ V and (xm, yj ) ∈ V , thus (xn, xm) ∈ V 2; since
(xm, ym) /∈ V 3 and (xn, yn) /∈ V 3, we obtain (xn, ym) /∈ V and (xm, yn) /∈ V . 
Let (X,U) be a uniform space and denote by U s the Samuel uniformity on X associated
to U , that is, the finest totally bounded uniformity on X which is coarser than U . It is
a well-known fact that U s is the coarser uniformity on X making uniformly continuous
every bounded uniformly continuous mapping f : (X,U) → R, the reals R being equipped
with the usual uniformity. It is also well known after the 1952 work of Smirnov [24] (see
also [6,10,23]) that for any second uniformity V on X the following are equivalent:
(i) U s = Vs ,
(ii) for every A,B ⊂ X, V ∩ (A × B) = ∅ for each V ∈ V iff U ∩ (A × B) = ∅ for each
U ∈ U .
Now let G be a topological group, e its neutral element and VG(e) the set of all neighbor-
hoods of e in G. Then, G is FSIN if and only if LsG =RsG. Moreover, for any A,B ⊂ G,
the assertion V ∩ (A×B) = ∅ for each V ∈ LG means that e ∈ A−1B; similarly, the asser-
tion V ∩ (A×B) = ∅ for each V ∈RG means that e ∈ AB−1. This yields the equivalence
of items (1) and (2) in the next statement.
Proposition 2.4. For every topological group G, the following are equivalent:
(1) G is FSIN;
(2) for every A,B ⊂ G, e ∈ A−1B if and only if e ∈ AB−1;
(3) for every A,B ⊂ G, e ∈ AB if and only if e ∈ BA;
(4) for every A ⊂ G and every V ∈ VG(e), there is U ∈ VG(e) such that AU ⊂ VA.
Proof (end of). That (2) and (3) are equivalent is a simple consequence of the facts that
for every C ⊂ G, we have (C−1)−1 = C, and that e ∈ C implies that e ∈ C−1.
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A,B ⊂ G and suppose that e ∈ A−1B . Let U ∈ VG(e) and W ∈ VG(e) be such that AW ⊂
UA. Then (AW) ∩ B = ∅, thus (UA)∩B = ∅; consequently e ∈ AB−1.
Conversely, suppose that (4) is not satisfied and let us show that (2) is not satisfied
either. Let A ⊂ G and let V be symmetric neighborhood of e such that AU ⊂ VA for each
U ∈ VG(e). This means that e ∈ A−1(G \ VA). On the other hand, since (A−1V ) ∩ (G \
VA)−1 = ∅, we have e /∈ A(G \ VA)−1. Therefore, (2) is not satisfied. 
Let us recall that the equivalence between (1) and (4) in Proposition 2.4 was proved by
Protasov and Saryev [21].
3. Main results
All topological groups considered below are assumed to be T0 and therefore completely
regular. Recall that a topological group G is said to be ℵ0-FSIN if the condition in item
(2) (equivalently, in item (3) or (4)) of Proposition 2.4 is satisfied by at least all countable
subsets A of G, letting B to be an arbitrary subset of G.
Theorem 3.1 below is the basic result of this section. Its proof uses Lemma 2.2 and
Lemma 2.3 along with a variant of the following remark (first pointed out in [29]). Let G
be a topological group. If a neighborhood W of e is such that
⋂
g∈G g−1Wg /∈ VG(e), then
e ∈⋃g∈G g−1(G \W)g (and vice versa); thus, how far is G from being SIN is openly
dependent on the ‘open tightness’ properties of G (as we can choose W to be closed). Here
is an illustration of the usefulness of this observation (more elaborated statements are given
in [29]): If G is of countable o-tightness [26], for example if G is a k-space [27], then we
get immediately that G is a SIN group if and only if it satisfies to Pestov countable test
(see the Introduction).
The symbol OM+(G) denotes the collection of all subsets A of G such that AA−1 is
relatively o-Malykhin in G.
Theorem 3.1. Let G be an ℵ0-FSIN group. If G is functionally generated by OM+(G),
then G is SIN.
Proof. Consider on the product set Y = GG the uniformity of uniform convergence in-
duced by the left uniformity of (the range set) G. For each g ∈ G, let φ(g) denote the
left translation x ∈ G → gx ∈ G. We are going to show that G is SIN, that is, for every
V ∈ VG(e), the set ⋂g∈G g−1Vg is a neighborhood of e in G. To do that, it suffices to
prove that the mapping φ :g ∈ G → φ(g) ∈ Y is continuous. Indeed, the continuity of φ
at e means that for every W ∈ VG(e) there is V ∈ VG(e) such that (gh)−1h ∈ W for every
g ∈ V and h ∈ G, that is, V −1 ⊂⋂h∈G hWh−1.
Let A be an arbitrary member of OM+(G). In view of Lemma 2.2, in order to show
that φ :G → Y is continuous, it suffices to establish that the mapping φ|A :A → Y is uni-
formly continuous, when A is equipped with the uniformity induced by RG. Suppose that
φ|A :A → Y is not uniformly continuous. Then, there exists an open symmetric neigh-
borhood W of e such that: for every V ∈ VG(e) there are aV , bV ∈ A and hV ∈ G such
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Note that for each V ∈ VG(e), we have e /∈ x−1V WyV . Indeed, since xV /∈ W 2yV , it fol-
lows that xV /∈ WyV ; so there is U ∈ VG(e) such that (xV U) ∩ (WyV ) = ∅, that is,
U ∩ (x−1V WyV ) = ∅.
We are now in a position to use that AA−1 is relatively o-Malykhin in G. There is
a countable (infinite) set Γ0 ⊂ VG(e) such that e ∈⋃V∈Γ x−1V WyV for every infinite set
Γ ⊂ Γ0. On the other hand, using Lemma 2.3 we get an infinite set Γ ⊂ Γ0 such that
xUy
−1
V /∈ W 2 for every U,V ∈ Γ . Put B = W {yU : U ∈ Γ } and consider the countable
subset C = {xU : U ∈ Γ } of G. Then, we have e ∈ C−1B and e /∈ CB−1; this implies that
the group G is not ℵ0-FSIN and ends the proof. 
To establish the next theorem we need the next statement (Proposition 3.2 below) estab-
lishing that a source of relatively o-Malykhin subspaces in topological groups is given by
sets satisfying some properties of precompactness type. Recall that a subset A of a topolog-
ical group G is said to be right (respectively, left) precompact in G if for every U ∈ VG(e)
there is a finite subset F of A such that A ⊂ UF (respectively, A ⊂ FU ). Precompact
subsets of G are the left and right precompact sets in G.
Proposition 3.2. Let G be a topological group and A a subset of G. Suppose that each
point a ∈ A admits a decreasing sequence (Vn)n∈N of neighborhoods in G such that when-
ever an ∈ Vn ∩ A (n ∈ N), then to each U ∈ VG(e) corresponds a finite set F ⊂ G such
that {an: n ∈ N} ⊂ (FU) ∪ (UF). Then, A is relatively o-Malykhin in G.
Proof. Let a ∈ A and let (Oi)i∈I be a family of open subsets of G such that a ∈⋃
i∈I Oi ∩A and such that a /∈ Oi for each i ∈ I . We must prove that there exists an
infinite set J ⊂ I such that a ∈⋃i∈L Oi , for every infinite set L ⊂ J . To simplify, we
suppose without loss of generality that a = e and that the Vn’s are open. Put U0 = V0 and
let i0 ∈ I be such that U0 ∩ Oi0 ∩ A = ∅. Take a0 ∈ U0 ∩ Oi0 ∩ A and let U1 be an open
symmetric neighborhood of e such U1 ⊂ U0 and U1a0 ∪ a0U1 ⊂ Oi0 . Since e /∈ Oi0 , there
is i1 ∈ I \ {i0} such that U1 ∩ V1 ∩ Oi1 ∩ A = ∅; let a1 ∈ U1 ∩ V1 ∩ Oi1 ∩ A and choose a
symmetric neighborhood U2 of e in G such that U2 ⊂ U1 and U2a1 ∪ a1U2 ⊂ Oi1 . Contin-
uing this process inductively gives a sequence (Un)n∈N of open symmetric neighborhoods
of e in G, a sequence (an)n∈N ⊂ A and a one-to-one sequence (in)n∈N ⊂ I , such that for
every n ∈ N the following conditions hold:
(i) an ∈ Un ∩ Vn,
(ii) Un+1 ⊂ Un,
(iii) Un+1an ∪ anUn+1 ⊂ Oin .
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a symmetric neighborhood U of e in G, and let us show that U ∩ (⋃n∈M Oin) = ∅, where
M = {n ∈ N: in ∈ L}. There are p,q ∈ M , with p  q + 1, such that aq ∈ Uap ∪ apU . It
follows from (i) and (ii) that
{
a−1p aq, a qa−1p
}⊂ Upaq ∪ aqUp ⊂ Uq+1aq ∪ aqUq+1,
which implies by (iii) that U ∩Oiq = ∅. 
Corollary 3.3. Let G be a topological group and A ⊂ G. Then, A is relatively o-Malykhin
in G in each of the following cases:
(i) A is left or right precompact in G;
(ii) A is punctually relatively pseudocompact in G.
Proof. The assertion in case (i) follows directly from Proposition 3.2. In case (ii), this
follows from Lemma 2.1(2) and Proposition 3.2 since, a s it is well-known, every bounded
set in a topological group is precompact. 
It is proved in [4, Theorem 4.2] that any FSIN group G is SIN, provided that G is
strongly functionally generated by the class of its right (or left) precompact subsets. In fact,
the proof given there shows that this result remains true if G is assumed to be ℵ0-FSIN and
strongly functionally generated by its punctually relatively pseudocompact subspaces. The
following result is closely related to Theorem 4.2 of [4] and is obtained here by a different
approach.
Theorem 3.4. Let G be a topological group that is functionally generated by its precom-
pact subsets. If G is ℵ0-FSIN, then G is SIN.
Proof. It is well known that if A and B are precompact subsets of G, then so are the set
A−1 and the product set AB [22]. Thus, it follows from Corollary 3.3 that the collection
OM+(G) contains all precompact subsets of G. So, Theorem 3.1 applies. 
The space X is called a bf -space if X is functionally generated by the collection of its
bounded subsets. A bf -group is a topological group which is also a bf -space. The next
particular case of Theorem 3.4 gives a substantial extension of Protasov’s theorem [20]
stated for almost metrizable groups (in Pasynkov’s sense).
Corollary 3.5. Every bf -group which is ℵ0-FSIN is SIN.
An alternative way to get Corollary 3.5 (directly) from Theorem 3.1 is to use
Lemma 2.1, Corollary 3.3 and the following result proved by Tkacˇenko [25, Corol-
lary 2.15]: if A and B are bounded in G, then AB is bounded in G (see also [9]).
Let us emphasize that Corollary 3.5 is really a special case of Theorem 3.1. To see this,
note that Theorem 3.1 applies in particular to all o-Malykhin groups, and that the class of o-
Malykhin groups already strictly includes the class of bf -groups. For example, the additive
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pointwise convergence topology, is an o-Malykhin space but not a bf -space. Indeed, it is
easy to see that o-Malykhin property is stable with respect to dense subspaces; thus, for any
completely regular space X, Cp(X) is an o-Malykhin space since it is a dense subspace of
the product space RX which is known to be a Malykhin (thus o-Malykhin) space [1,16].
On the other hand, it is also well known that Cp([0,1]) is not a bf -space [3].
Corollary 3.5 and Proposition 2.4 yield:
Corollary 3.6. Let G be a bf -group. Then G is SIN if and only if G is FSIN.
Corollary 3.7. Let G be a bf -group. Then the following are equivalent:
(1) G is SIN,
(2) for every sequence (gn)n∈N ⊂ G and every V ∈ VG(e), the set ⋂n∈N g−1n Vgn is a
neighborhood of e in G.
Proof. It is easy to see that the assertion in item (2) implies that G is ℵ0-FSIN. 
It is worth mentioning that both Corollaries 3.6 and 3.7 remain true for every group G
which is functionally generated by the class OM+(G). In the particular case when G is
locally compact, Corollary 3.7 was independently obtained by Pestov [18] and by Itzkowitz
et al. [13]. Troallic [28] proved it for groups that are quasi-k-spaces.
4. The inframetrizable case
Following [22], a topological group G is said to be inframetrizable if there is a sequence
(Vn)n∈N in VG(e) such that for every U ∈ VG(e) there are n ∈ N and a finite set F ⊂ G
such that Vn ⊂ UF . It is easy to see that the class of inframetrizable groups contains all
locally precompact groups and all almost metrizable groups [22].
The main results of this short section are Theorems 4.2 and 4.3. In particular, Theo-
rem 4.3 gives a positive answer to Itzkowitz’s problem for inframetrizable groups. This
is essentially an application of the previous results from Section 3, along with the next
observation.
Lemma 4.1. Let G be a topological group and let (Vn)n∈N be a decreasing sequence of
neighborhoods of e in G. Then, the following are equivalent:
(1) for every U ∈ VG(e) there are n ∈ N and a finite set F ⊂ G such that Vn ⊂ UF ;
(2) a set A ⊂ G is right precompact in G if (and only if ) for each n ∈ N there is a finite
set F ⊂ G such that A ⊂ VnF ;
(3) whenever an ∈ Vn (n ∈ N), then the set {an: n ∈ N} is right precompact in G.
Proof. Clearly, (1) implies (2). Since for each an ∈ Vn (n ∈ N) and k ∈ N, we have {an: n ∈
N} ⊂ Vk{e, a0, . . . , ak}, it follows that (2) implies (3). To conclude, suppose that (1) is not
2360 A. Bouziad, J.P. Troallic / Topology and its Applications 153 (2006) 2351–2361satisfied. Then, there is U ∈ VG(e) such that for every finite set F ⊂ G and every n ∈ N,
we have Vn ⊂ UF . Put a0 = e and, inductively, for each n ∈ N choose an ∈ Vn such that
an /∈ U{a0, . . . , an−1}. Clearly, the set {an: n ∈ N} is not right precompact in G and then
(3) is not satisfied either. 
The equivalence of (1) and (2) in Lemma 4.1 shows that the inframetrizability of
a topological group G means that precompactness in G can be tested by a sequence of
neighborhoods of its unit. The equivalence of (1) and (3) in Lemma 4.1 together with
Proposition 3.2 give
Theorem 4.2. Every inframetrizable group is an o-Malykhin space.
Theorem 4.3. For every inframetrizable group G, the following are equivalent:
(i) G is FSIN;
(ii) G is ℵ0-FSIN;
(iii) G is SIN.
Proof. This is a consequence of Theorems 3.1 and 4.2. 
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